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We study theoretically the magnetic resonance force microscopy (MRFM)
in oscillating cantilever-driven adiabatic reversals (OSCAR) technique, for
the case when the cantilever tip oscillates parallel to the surface of a sample.
The main contribution to the MRFM signal is associated with a part of the
resonance slice near the surface of the sample. The regular (approximately
exponential) decay of the MRFM signal is followed by the non-dissipating
random signal. The Fourier spectrum of the random signal has a characteristic
peak which can be used for the identification of the signal.
I. INTRODUCTION
Inspired by the recent progress in magnetic resonance force microscopy (MRFM) based
on oscillating cantilever-driven adiabatic reversals (OSCAR) technique [1–3], we consider
here the theory of the OSCAR MRFM. In the OSCAR MRFM the oscillating cantilever
with the ferromagnetic particle on its tip produces oscillating dipole field along the direction
of the permanent external magnetic field. The rf magnetic field is applied in the plane
perpendicular to the permanent external field. In the rotating system of coordinates the
effective magnetic field changes its direction with the frequency of the oscillating cantilever.
If the conditions of adiabatic reversal are satisfied for a spin of a sample then the spin
will follow the direction of the effective magnetic field. The region of the sample where
the effective magnetic field periodically reverses its direction is called the resonant slice.
The spins of the resonant slice experience cyclic adiabatic reversals and produce the back
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effect on the cantilever: they cause the shift of the cantilever vibration period. In this
paper we call this shift ”the MRFM signal”. In previous works [4–6] we have studied the
“perpendicular oscillations”: the cantilever tip oscillates perpendicular to the surface of
a sample. In its advance to a single-spin detection the OSCAR MRFM technique relays
on the “parallel oscillations”, which allow one to reduce a spacing between the cantilever
tip and the sample. Thus, the OSCAR MRFM theory should be extended to the parallel
oscillations setup. This paper represents such an extension. We show that the thermal
high frequency cantilever vibrations cause approximately exponential decay of the initial
regular MRFM signal. However the MRFM signal does not disappear. It transforms into
the random MRFM signal. The Fourier spectrum of the random signal has a characteristic
peak, which can be used for the identification of the signal.
II. EQUATIONS OF MOTION
We assume that a ferromagnetic spherical particle is attached to the cantilever tip and
oscillates along the x-axis which is parallel to the surface of the sample. (See Fig. 1.) In the
equilibrium position the center of the ferromagnetic particle is at the origin. The permanent
external magnetic field ~Bext points in the positive z-direction, and the rf magnetic field ~B1
rotates in the x − y-plane. The motion of the center of the ferromagnetic particle can be
described by the equation
x¨c + xc + x˙c/Q = f(τ), (1)
where xc is the dimensionless coordinate of the center (in terms of the oscillation amplitude
of the cantilever, x0), Q is the effective quality factor of the cantilever, and we use the dimen-
sionless time τ = ωct, where ωc is the cantilever fundamental frequency. The dimensionless
force f(τ) is produced by all magnetic moments of the “resonant slice” of a sample:
f(τ) =
N∑
k=1
ηkµkz, (2)
ηk =
µ0
4π
3mµ
kcx50
(x˜k/r˜k)(5z
2
k/r˜
2
k − 1)
r˜4k
.
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Here N is the number of magnetic moments in the resonant slice, ~µk is the k-th magnetic
moment (in terms of its magnitude µ which is the same for all magnetic moments), kc is the
effective spring constant of the cantilever, m is the magnetic moment of the ferromagnetic
particle, x˜k = xk − xc, r˜k = [(xk − xc)
2 + y2k + z
2
k]
1/2, xk, yk, zk are the coordinates of the
k-th magnetic moment in terms of the oscillation amplitude x0. We assume in (2) that only
z-component of ~µk influences the motion of the cantilever.
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FIG. 1. MRFM setup with the ferromagnetic particle oscillating parallel to the sample surface.
Bext and B1 are the permanent and rotating rf magnetic fields; ~m is the magnetic moment of the
ferromagnetic particle; ~µk is the k-th magnetic moment in the resonant slice; d1 is distance between
the bottom of the spherical ferromagnetic particle to the sample surface; d2 is distance between
the bottom of the spherical ferromagnetic particle to the center of the resonant slice. The “parallel
setup” was used in the experiments [2,3].
The motion of the k-th magnetic moment of a sample in the rotating frame can be
described by the equations:
µ˙kx = −∆kµky, (3)
µ˙ky = ∆kµkx − εµkz,
µ˙kz = εµky,
3
∆k = (γBext − ω)/ωc +
µ0
4π
γm
ωcx
3
0
3z2k/r˜
2
k − 1
r˜3k
.
Here γ is the gyromagnetic ratio of the spins in the sample, ω is the frequency of the rf field,
ε = γB1/ωc, and we neglect the transverse components of the dipole field produced by the
ferromagnetic particle.
The thermal vibrations of the cantilever tip with the frequencies close to the Rabi fre-
quency γB1 cause the deviation of the magnetic moment from the direction of the effective
magnetic field and the decay of the regular MRFM signal [5–9]. To take into account this
effect we make a substitution in the expression for ∆k in (3):
xc → xc + δxc, (4)
where δxc describes the thermal vibrations of the cantilever tip
δxc =
∑
n
2an
x0
cos(ωnτ +Ψn). (5)
Here an is the amplitude of the thermal vibrations for a cantilever mode n, ωn is the eigen-
frequency of the mode n (in the units of ωc), Ψn is its phase. In our simple model we assume
that the amplitude an can be found from the equipartition theorem
mcω
2
na
2
n = 2kBT, (6)
where mc is the cantilever mass, and the phase Ψn is the random function of time. The
factor 2 in (5) appears as the amplitude of the tip vibrations for a uniform cantilever is
twice the amplitude of the mode [10]. (For a non-uniform cantilever this factor depends on
n [11].) We ignore the influence of the thermal vibrations on the value ηk in (2).
III. NUMERICAL SIMULATIONS
In our numerical simulations we used the following parameters: the fundamental can-
tilever frequency ωc/2π = 7kHz, the effective spring constant kc = 10
−4N/m, the effective
quality factor Q = 5× 104, the amplitude of the cantilever vibrations x0 = 10nm (to model
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the action of the feedback technique in the OSCAR MRFM, our computer algorithm in-
creased the value xc to “1” every time when the cantilever tip passed the maximum value of
xc), the radius of the ferromagnetic spherical particle R = 200nm, the magnetic moment of
the sphere m = 2.5× 10−14J/T, the distances from the bottom of the sphere to the sample
surface and to the center of the resonant slice d1 = 220nm and d2 = 300nm (see Fig. 1),
the amplitude and the frequency of the rf field B1 = 3 × 10
−4T and ω/2π = 3GHz, the
magnetization of the sample is 0.9A/m. The resonant slice boundaries were found from the
condition ∆k(xc = ±1) = 0.
Note that for two spins with coordinates (x, y, z) and (−x, y, z) change of the z-
component of the dipole field caused by the cantilever displacement has an opposite sign.
Let, for example, the z-component of the effective field for these two spins is zero when the
ferromagnetic particle is at the origin (xc = 0). If xc 6= 0 the effective magnetic field on the
first spin is opposite to that on the second spin.
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FIG. 2. The cross-sectional area of the resonant semi-slice in the x−z-plane. Dots show random
distribution of magnetic moments.
If the initial direction of the two spins relative to the external magnetic field is the same,
these spins will have an opposite direction relative to the local effective field. Thus, the two
spins induce the MRFM signal of the opposite sign. If the spins are uniformly distributed
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in the resonant slice, the net MRFM signal disappears. That is why in our simulations we
assume that spins occupy only the resonant semi-slice x > 0. The cross-sectional area of the
semi-resonant slice in the x− z-plane is shown in Fig. 2.
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FIG. 3. The decay of the regular MRFM signal. The temperature is 20K. The number of
magnetic moments in the resonant semi-slice N = 100.
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FIG. 4. The random MRFM signal which follows the regular signal shown in Fig. 3.
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The magnetic moments in our model are randomly distributed inside the semi-resonant
slice. We assume that initially all magnetic moments point in the positive z-direction, and
the cantilever tip is in its right end point, xc = 1.
In our computer simulations the phases Ψn in (5) were changed randomly between 0 and
2π, with random time intervals between two successive “jumps”. The time interval between
the phase jumps was taken randomly between 8.3TR and 14TR, where TR = 2π/γB1 is the
Rabi period. In Eq. (5), we took into consideration 25 cantilever modes in the vicinity of
the Rabi frequency.
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FIG. 5. The Fourier spectrum of the random signal; ∆T (t)/∆T0 =
∑
Am cos(νmt+Φm).
Next, we describe the results of our simulations. The main contribution to the MRFM
signal is associated with the magnetic moments near the surface of the sample. The regular
MRFM signal decays approximately exponentially. The regular MRFM signal is followed
by the non-dissipating random signal. The random signal has its characteristic signature:
the major peak in its Fourier spectrum.
Figs 3-5 illustrate the results of our computer simulations. Fig. 3 shows the decay of
the regular signal ∆T/∆T0, where ∆T is the shift of the cantilever period caused by the
magnetic force, ∆T0 is the initial value of ∆T . Fig. 4 demonstrates the random signal which
7
follows the regular signal shown in Fig. 3. Finally, Fig. 5 shows the Fourier spectrum of the
random signal with its characteristic peak.
CONCLUSION
We have studied theoretically the OSCAR MRFM signal for the case when the cantilever
tip oscillates along the axis parallel to the surface of the sample. In this case, the main
contribution to the signal is associated with spins located in the part of the resonant slice
near the surface of the sample. The main features of the OSCAR MRFM signal are the
following: the regular (approximately exponential) decay of the MRFM signal is followed
by the non-dissipating random signal. The Fourier spectrum of the random signal has a
characteristic peak which can be used for identification of the signal.
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